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Find the general solution of
Qbgy + DUgy + Uyy + Uy + Uy = 2

Solution:
In this case, a = 4,2b =5 and ¢ = 1. So that

B — ac = (;)2_(4)(1>:15—4>o.

Hence the equation is hyperbolic. The characteristic equations are obtained
from
5 25
dy 2 7T 4 1
de 4
The characteristic equations are
1
{=y—z, n=y— o

Using these curves, the original equation is transformed as follows:
Uy = Welyp + WyNz, Uy = We&y + wyny

Upy = Week + 2Wen€any + Wpns + Weao + Wyhaa
Uyy = wfffj + 2wen&yny + wnﬂnf/ + Weyy + Wy
Ugy = Weelay + Wey (Eatly + EyMa) + WyyNany + Welay + Wity
In this case )
o =-1, & =1, nz=—17 ny =1

and
gmm = fyy = gzy = 07

Nex = Nyy = Nzy = 0.

Hence,



1 1
Ugy = Wee + 5“}577 + Tﬁwnn

Uyy = Weg + 2Wep + Wy

) 1
Uay = —Weg = 7 Wen = 5 Wnn-
Combining, we have
1 1
QUpy + DUgy + Uyy + Uy +uy = 4(wee + 5 Wen + Ewm})
5 1
+5(—w§§ - i’wgn - ann)

twee + 2wey + wyy

1
—We — Wy + We + Wy

4
9
= T pWen T We T Wy + we + wy
= Ty + 2 Wn
The original equation is transformed into
1 8
Wepy = =Wy — —.
&n 3 n 9
Let v = w,,. Then
1 8
Ve = —U — —.
T3 9

We solve this ODE using integrating factors. Multiplying the ODE by the
. . 1
integrating factor 6_55, we get:

efégvg — %6*%511 = f§e 5€,

Using the product rule, we get

% (e_%gv) = —§e_%§.

Integrating with respect to &,

So that



Since v = wy, integrate v w.r.t n to get w

w(m) = S0+ eFG() + FQ)

where

G(n) = /g(n) dn

Substituting { =y —z and n =y — ix, we obtain

8 1 1 : 1
u(z,t) = 3 (y - 4:c> +e3Wog (y - 4:13) + F(y —x)



