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Candidates may attempt ALL questions in Section A and at most TWO questions in Section
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SECTION A (40 marks)

Candidates may attempt ALL questions being careful to number them A1 to A5.

A1. Find the general solution of the partial differential equation

(1 + x2)ux + uy = 0

and sketch some of the characteristic curves. [8]

A2. For each of the following equations, state the order and whether it is nonlinear, linear
inhomogeneous, or linear homogeneous. Provide reasons.

(a) √
1 + x2(cos y)ux + uxxy − [arctan(x/y)]u = 0

[4]

(b)
ut + uxx +

√
1 + u = 0

[4]

A3. Consider the one-dimensional wave equation

utt − c2uxx = 0,

u(x, 0) = f(x),

ut(x, 0) = g(x).

Use an energy argument to show that if u(x, t) and v(x, t) solve the wave equation,
then u(x, t) = v(x, t). [8]

page 1 of 4



A4. Consider the heat equation

ut − kuxx = 0

u(x, 0) = ϕ(x)

Find a solution to the heat equation with

ϕ(x, 0) =

{
1, if |x| < 1,

0, if |x| > 1.

Leave your solution in terms of the error function. [8]

A5. Solve
uxx + uyy = 0

in the disk {r < a} with boundary condition

u(a, θ) = 1 + 3 sin θ, on r = a.

[8]

SECTION B (60 marks)

Candidates may attempt TWO questions being careful to number them B6 to B9.

B6. Consider the partial differential equation

∂2u

∂x2
+ 4

∂2u

∂x∂y
− 5

∂2u

∂y2
+

∂u

∂x
− ∂u

∂y
− 1 = 0

(a) Classify the equation as elliptic/parabolic/hyperbolic.

(b) By a change of variables, reduce the partial differential equation to canonical
form.

(c) Hence, find the general solution. [5, 15, 10]

B7. Consider the one-dimensional linear wave equation

∂2u

∂t2
− c2

∂2u

∂x2
= 0, c > 0.

(a) By using the method of characteristics, show that the general solution of the wave
equation is given by

u(x, t) = F (x+ ct) +G(x− ct),

where F and G are arbitrary.
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(b) The wave equation is supplemented by the initial conditions

u(x, 0) = f(x), ut(x, 0) = g(x).

Show that the solution is given by d’Alembert’s formula:

u(x, t) =
1

2
[f(x+ ct) + f(x− ct)] +

1

2c

∫ x+ct

x−ct

g(s) ds

(c) Assuming that f, g ∈ C2, verify that the solution in Part (b) satisfies the wave
equation and the initial conditions. [10,15,5]

B8. (a) The transverse displacement of an elastic bar is given by the fourth order initial
value problem

∂4u

∂x4
+

∂2u

∂t2
= 0, −∞ < x < ∞, t > 0

u(x, 0) = f(x),

ut(x, 0) = 0.

Use the method of Fourier Transforms to find a solution u(x, t) to the fourth order
IVP.

(b) Use Laplace Transforms to solve the heat equation

ut − uxx = 0, 0 < x < ∞, t > 0

directly with the conditions

u(x, 0) = 0, u(0, t) = f(t), u(x, t) is bounded .

Hint:
L−1

(
e−

√
sx
)
=

x√
4πt3

e(−x2/4t)

[15, 15]

B9. Consider the Laplace equation in the upper half plane

uxx + uyy = 0, x ∈ R, y > 0

u(x, 0) = f(x), x ∈ R

(a) Assuming the solution stays bounded as y → ∞ use a Fourier Transform to show
that the solution u(x, y) is given by

u(x, y) =
y

π

∫ ∞

−∞

f(τ)

(x− τ)2 + y2
dτ.
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(b) Show that the solution to the bounded Neumann problem

uxx + uyy = 0, x ∈ R, y > 0

uy(x, 0) = g(x), x ∈ R

is given by

u(x, y) =
1

2π

∫ ∞

−∞
g(x− ξ) ln(y2 + ξ2) dξ + C

Hint : You may use a coordinate tranformation w = uy and reduce to a Dirichlet
problem.

[15, 15]

LIST OF FORMULAS

(a) Change of variables

Let u(x, y) = w(ξ(x, y), η(x, y)).

ux = wξξx + wηηx

uy = wξξy + wηηy

uxx = wξξξ
2
x + wηηη

2
x + 2wξηξxηx + wξξxx + wηηxx

uyy = wξξξ
2
y + wηηη

2
y + 2wξηξyηy + wξξyy + wηηyy

uxy = wξξξxξy + wηηηxηy + wξη(ξxηy + ξyηx) + wξξxy + wηηxy

(b) Fourier Transforms

f̂(ξ) =

∫ ∞

−∞
f(x)eiξx dx

f(x) =
1

2π

∫ ∞

−∞
f̂(ξ)e−iξx dξ

f(x) =

{
1, if |x| < 1

0, if |x| > 1,
f̂(ξ) = 2

sin(ξ)

ξ

f(x) =
1

2
e−|x|, f̂(ξ) =

1

1 + ξ2

f(x) = e−ax2

, f̂(ξ) =

√
π

a
e−ξ2/(4a)

F(f (n)(x)) = (−iξ)nF(f(x))

END OF QUESTION PAPER

page 4 of 4


