1.

MTSCS546 Assignment 1

Numerical Methods for Partial Differential Equations

Due: 29 October, 2022

(a) For the advection equation u; + au, = 0 with @ > 0, show that the

forward difference scheme

+1 _
it =i —ap (U;L+1 — v]")
is unconditionally unstable by computing the amplification factor.
Solution:
We consider a solution of the form ”U? = A% where h = Ax.
Simple calculations show that

n+1 o n
vj = \vj

n o iEh, n
vi, = e

Substituting into the difference scheme, we obtain after canceling v}
A= 1—ap(e —1).

The scheme is stable if |A\| < 1, otherwise it is unstable. It is sufficient
to show that |A|? < 1 since the square is easier to compute. Note
that

AI* = (Re(A))* + (Im(X))*.

Since €' = cos(¢h) + isin(¢h) and 1 — cos(€h) = 2sin®(Eh/2) we
have

Re(\) = 1—apu(cos(éh)—1) = 1+au(1—cos(¢h)) = 14+-2apu sin®(¢h/2)

Im(A\) = —apsin(&h).

Hence
A2 = (1 + 2apsin®(€h/2))? + a*u? sin®(€h).

Upon expansion,

IN? = 1+ 4dapsin®(Eh/2) + 4a®p? sin® (Eh/2) + a®p? sin®(ER).



By the double angle identity for sine, we get
sin(h) = sin(2&h/2) = 2sin(Eh/2) cos(Eh/2)

and
a?p? sin®(€h) = 4a’p? sin?(€h/2) cos? (€h/2).

Combining, we get
IA]> = 1+4a”p? sin®(€h/2) (sin®(Eh/2) + cos®(Eh/2)) +4apsin® (Eh/2).

Thus
N2 =1+ 4apsin®(En/2) (ap +1) > 1

since a > 0. Hence the scheme is unconditionally unstable.

On the other hand, show that the scheme

/U,’,FLJrl =

T o~ a (0 — )

is stable for a > 0 provided that pa < 1, but unstable for any p > 0
if a < 0. Explain.

Solution:
Taking v = A€’ one can show that

A=1—ap (1 — eiigh)
from which
Re(A\) =1 —au (1 —cos(éh)) = 1 — 2ausin®(¢h/2)

Im(\) = —apsin(§h) = —2apsin(€h/2) cos(Eh/2).
Thus

IAN? = (1 — 2apsin®(€h/2))? + 4a®p? sin®(€h/2) cos® (€h/2).

Expanding,

IN? = 1—dapsin®(n/2) + 4a’u? sin* (€h/2) + 4a®p® sin(€h/2) cos? (Eh/2)
1 — dapsin®(Eh/2) + 4a®p® sin®(€h/2) [sin®(ER/2) + cos® (Eh/2)]

= 1 —4dap (1 —ap)sin®(Eh/2)
< 1, ifap<1.

If > 0 but a < 0 then
IN? =1 —4ap(1l — ap)sin®(En/2) > 1,

and the scheme is unstable.



(¢) The upwind difference scheme for the advection equation is given
by
o =0 —ap (Vi —o}), ifa <0,
’ ’ (v —oty), ifa>0.

Show that the upwind scheme is stable if |a|p < 1.

Solution:
Taking v} = A"ei€ih as usual, if a < 0, then

A2 =1+ 4ap(l 4 ap)sin®(£h/2),
Let 8 > 0 be such that a := —3. Then
IA? =1—48u(1 — Bp)sin®(€h/2) <1, if fu = —ap = |alu < 1.
On the other hand if @ > 0 then

IM? =1 —4dap (1 —ap)sin®(En/2) < 1, if ap = |a|p < 1.

2. Suppose that the mesh points are chosen such that
D=z <1 <1< - <xy_1<xy=1

but are otherwise arbitrary for some J representing the number of sub-
divisions. The heat equation u; = u,, is approximated over the interval
0<t<tsby

n+l _ . n n _,n n__ ,n
v; vj 2 (”j+1 vi v ”j—l)

At - A:L‘j_l + AZL‘]‘ AIII]' B All]'j_l

where Az = 11 — x;.

(a) Show that the leading terms of the truncation error of this approxi-

mation are
. 1 1
1
_E [(ij)Q + (ij—l)2 - ijij—l] Ugzza-
Solution:

Use Taylor expansions around u = uj = u(x;,t,)

n 1
W = (A w5 (A

, 1 1 1
ul g = u+(Az;) um—&—é(A;ij)2um+6(Aazj)guxm—i—ﬂ(A;L‘j)4umm+- -



ui g =u— (Azj_1) ug+- (AL] 1) Uy — (Alj 1) uTer (ALJ 1) Upppe+ " .

Hence,

1 2
Ty

]th = Ut + = (At)u“ + -

- (A‘LJ)LL.LI+ (Al]) u’:L‘IL+ (Al]) Uggzr + -

AJ?]‘
u — 1 1
]7“ - (A'LJ 1)uJT+ (A'L] 1)2UTTT (ALJ 1) Upppr T+ *
Afl?j,l
wlog—ulul —ul
’ ALI?]‘ i A(«L‘jj - (A‘LJ + A‘LJ 1)U‘TT + = [(A‘LJ) (A:L'jfl)ﬂ Ugrx
1
Set , . . ; .
s —u? u” —u”
RHS := Jt+1 j i j—1 .
AIL‘j*FAlJ,l ( AQLJ Al’j,1
Then
1
RHS = Uz + g (A‘LJ o A‘,L‘jfl) Ugzx

1
+ﬁ [(ij)Q + (Al'j—l)Q - Al‘jAl’jfl] Uggge + -

where we used
a®> — b = (a+b)(a —b) and a® + b* = (a + b)(a® + b*> — ab)
Combining, we get
J

1
12

) 1 1
" — (Ut - l‘ww) + i(Af)Utt — § (Al‘7 — ijfl) T
[(ATJ) (ij—1)2 - AmjAmjfl] Ugppws + - -

The result follows since u; = Uy,

Suppose now that the boundary and initial conditions «(0,¢), «(1,¢), and u(x,0)
are provided. Let Az = maxAx; and suppose the mesh is suffi-

ciently regular such that |Az; — Az;_1| < a(Ax)? for every j =
1,2,3,---,J — 1, where a > 0 is constant.

Show that

1 1
|v;”—u(xj7tn)| < (iAt My + (Az)? {_

4



provided that the stability condition
1
AtgﬁASL'j,lAIj, j:1,2,'-' ,J—l,

is satisfied.

Solution:

Let e = v} — u(z;,t,) be the error at grid point (z;,t,). Then by
the definition of truncation error it follows that

nH o gn 2At e — e} - ef —ef TN
J J A{Ej + ij,1 Ail?j Al’j,1 7

(&

. 2A¢ L, 1 .
e'j ASC]‘ + A.’Ejfl Al’j A‘Tj,l ej

2At 6?4,1 2At 6?71 T At
ASCj + Al’j_l AZL']‘ Al‘j + ij—l AIj_l J
2AL 2At ey
= (1-— et i+l
A,IjAl‘j_l 7 A.Iij + Al‘j_l Al‘j
2At 6?,1

—TIrAt
A.]?j + ij_l A.l?j_l J

Define E™ := max; [e}|, T" := max [T}'|. To make all the coefficients

positive, we require that 2A¢ < Ax;A;_; then replacing all the e}
for £ =j—1,j,j+ 1 by the maximum value E™ and 717} by T"

2A¢ 2At
E"tL < 1—- ——— "t —————E"+T"AL
- ( ACCjAj1> * A(L’jASCj,1 *
= E"+T"At

Since E° = 0, it follows that E" < At(T° +T* +--- + T""1). Take
T = max,, T"™. Then

E" <nAtT <tpT

where tr is the final time. It remains to estimate T'. Let My, Moy, Mayzzs
be the maxima of the corresponding derivatives on the space-time do-
main. We note that

|Az; — Ax;_1| < a(Ax)?
and
(Azj)* + (Azj1)? = AzjAzj_y = Awj(Axj — Azjy) + (Azj1)?
The right hand side can be replaced by the upper bound
Az - a(Ar)* + (Az)? = (Az)? (1 + aAx).



3.

(a) Show that the leading terms in the truncation error of the Peaceman-

Rachford ADI method for the two-dimensional heat equation

Ut = Ugy T Uyy

are
1 1 1
Tn+1/2 = (At)2 [ﬂuttt — g (uzmtt + uyytt) + Zuzzyyt]
1
12 [(A$)2umzz + (Ay)nyyyy] :
Solution:

The Peaceman-Rachford scheme can be expressed in the form

1 2 1 2 n+1 1 2 1 2 n

where

At At
He=an2 1= (ayy

and
2, n on n on
dpu” =iy —2uf +ujy

In expanded form:

1 2 1 2 1 2¢2 n+1 1 2 1 2 1 2 ¢2 n
(1 - 5:“’33630 - iﬂy% + Zﬂx/iy%éy =1+ 5/1:1:51 + iuyéy + Zﬂxﬂyém‘sy u

Taking all the terms to the right hand side, and grouping:

1 1 1
(u"“—u")—5/%65(u"+1+un)—auyéi(u”“—i—un)—&-zug@uyéiéi(u"“—u") =0,
which is equivalent to
untt — oy 1 82 o 1 6 . 1 82 0
= : e ) —— 7 ) (AL p Y n+1 ny — ()
A7 3 Br)? (" Huy,) 2 (By)? (u" " 4u L)+4( )(ALE)2 (By)? (u u') ,

Using Taylor series to expand around the point (x;,%,1/2) we obtain

1 1/1 1\ 1/1 . \°
un+1 =u -+ §(At)uf + 5 <2At> Uy + 6 <2At) Ut + =+ -

2 3
. 1 1/1 1/1
U =u— §<At)ut + 5 <2Aﬁ> Ut — 6 (2At> Uttt +

It follows that
u71,+1 —

1
Ar ot ﬂ(At)Quttt e



and .
’U,”+1 4 u = 2 + Z(At)2utt + ...

Recall Equation 2.30 pg 14 of Morton

2
oz

(Az)?

1
= Uyy + E(Am)Qumm +-

From the ADI scheme

Wttt —qy 1§52 1 62 1 52 2
- T n+1 = Y n+1 (At T Y n+l_,n
A 2 T Ty ) AN R Ay )
we see that
1 62 41 1 1
- T n ny _ — (A 2 o (A 2 -

The Taylor expansion of the y-term is similar. The expansion of the
mixed term is

! 672" 53 n+1 n 1 2 1 4
(&%) (A,T)Q (Ay)Q (u —u") = Zl(At) Ummyyt+%(At) Ugzyyttt+ -

Combining these terms, we get

1
T']'.” = (Ut — Ugpy — uyy) —+ ﬂ(At)zuttt
1 1
- E (A‘L)2U4mmlm - g (At)QuszL
1

1 1
**(Ay)Quyyyy - g(At)Quyytt + E(At)QUrryyt to

Since Uy = Ugy + Uy, the first term vanishes.
Show that the Douglas-Rachford scheme

(1 — uyéz) O uyéiv”
(1 o uz(sz) ,Un—i-l _ vn—i—l** o Mz(sgvn

for the three-dimensional heat equation
Ut = Ugy + Uyy + Uz,

is unconditionally stable when applied to a rectilinear box.



Solution:
Consider a solution of the form

Uy = AP TATHEAAYHERAD),
Set

n+lx __ n _1(ExjAx+E LAYy+ELkAZ

o =\ otz EylAy+E ),
and

n+lxx n i(ExjAx+Ey bAY+E kA Z)
Vi = BA\"e v .

Substituting these solutions into the difference scheme yields,

v (1 + 4pa sin? (&Az) = (1—A4p, sin® (&, Ay) — 4p., sin2(§zAz)) (1)
B (1 +4py sin” (5yAy)) = gy +4dpy sin” (fyAy) (2)
AL+ 4p.sin®(EA2) = B+ 4p.sin®(EA2) (3)

Multiplying the second equation by (1 + 4y sin2(§$A33)), we can use the
first equation to eliminate ~y

B (1 + 4p, sin® (& Az)) (14 4py sin® (€, Ay))

(1 — 4py sin® (&, Ay) — dp. sin®(€.Az))
+4p, sin® (€, Ay) (1 + 4p, sin®(&,Ax))
= 1 — 4y, sin? (&, Az) + 16,41, sin? (&, Az) sin® (€, Ay)

Now multiply Equation 3 by
(14 gy sin®(€,A2)) (1 + 4p, sin® (€, Ay))

to eliminate 5. We get, finally

A = 1+Awy+Aa;z+Ayz+Bxyz <1

(14 4py sin®(£,A2)) (1 + 4py sin®(§,Ay)) (1 + 4p. sin®(EAz)) —

where
Ay = 1641541, sin? (&xAx) sin” (§yAy)
Ao = 164,00, sin® (£, Ax) sin? (£, Az)
A, = 167,/ sin? (&yAy) sin2(§zAz)

By, = 64pigfiyfe. sin? (&.Ax) sin? (&yAy) sinz(szz).



