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1 Trigonometric Identities

cos(nπ) = (−1)n, n = 0,±1,±2,±3, · · ·

cos(α) cos(β) =
1

2
[cos(α+ β) + cos(α− β)]

sin(α) cos(β) =
1

2
[sin(α+ β) + sin(α− β)]

sin(α) sin(β) =
1

2
[cos(α− β)− cos(α+ β)]

cos2(α) =
1

2
(1 + cos(2α))

sin2(α) =
1

2
(1− cos(2α))

2 Complex Variables

eix = cos(x) + i sin(x)

cos(x) =
eix + e−ix

2

sin(x) =
eix − e−ix

2i

3 Fourier Series:

3.1 General Fourier Series

Fourier series on an interval [−L,L]:

f(x) =
a0
2

+

∞∑
n=1

(
an cos

nπ

L
x+ bn sin

nπ

L
x
)
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where the Fourier coefficients are computed as:

a0 =
1

L

∫ L

−L

f(x) dx,

an =
1

L

∫ L

−L

f(x) cos
nπ

L
x dx,

bn =
1

L

∫ L

−L

f(x) sin
nπ

L
x dx.

3.2 Fourier Series of an Even Function

If the function f is even, i.e. f(x) = f(−x), then the graph of f(x) is symmetric
about the y-axis (e.g. the graphs of x2, cos(x), | sin(x)|). Then the Fourier
series of an even function can be simplified as:

f(x) =
a0
2

+

∞∑
n=1

an cos
nπ

L
x

where

a0 =
2

L

∫ L

0

f(x) dx,

an =
2

L

∫ L

0

f(x) cos
nπ

L
x dx

3.3 Fourier Series of an Odd Function

If the function is odd, i.e. f(−x) = −f(x), then the graph of f is flipped around
the x-axis across the point x = 0. (e.g. the graphs of x, x3, sin(x)). Then the
Fourier series of an odd function can be simplified as

f(x) =

∞∑
n=1

bn sin
nπ

L
x

where,

bn =
2

L

∫ L

0

f(x) sin
nπ

L
x dx

4 Fourier Transforms

Let f(x) be a function such that f, f ′ → 0 as |x| → ∞. Then the Fourier
Transform of f(x) is given by

f̂(µ) := F(µ) := F [f(x)] =
1√
2π

∫ ∞

−∞
f(x)e−iµx dx
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The Inverse Fourier Transform is

F−1[f̂(µ)] = f(x) =
1√
2π

∫ ∞

−∞
F(µ)eiµx dµ

Let f (n)(x) be the n-th derivative of f(x) with respect to x. Then

F [f (n)(x)] = (iµ)nF [f(x)]

The Fourier Sine Transform is

f̂S(µ) := FS(µ) =

√
2

π

∫ ∞

0

f(x) sin(µx) dx

The Inverse Fourier Sine Transform is

F−1
S [f̂S(µ)] =

√
2

π

∫ ∞

0

f̂S(µ) sin(µx) dµ

The Fourier Cosine Transform is

f̂C(µ) := FC(µ) =

√
2

π

∫ ∞

0

f(x) cos(µx) dx

The Inverse Fourier Cosine Transform is

F−1
C [f̂C(µ)] =

√
2

π

∫ ∞

0

f̂C(µ) cos(µx) dµ

The Fourier Sine and Cosine Transforms of f ′′(x) are:

FS [f
′′(x)] =

√
2

π
µf(0)− µ2FS [f(x)]

FC [f
′′(x)] = −

√
2

π
f ′(0)− µ2FC [f(x)]
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