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1. Use Fourier Transforms to find the solution u(x,t) of the heat equation:

@—a@ —o<r<oo, t>0, a>0
ot 9z’ ’ ’
u(z,0) = f(x).
where
1, if 2] <2,
u(x,0) = f(x) =
(2,0) = /(=) {0, otherwise.
Solution:

Since the domain is all the real numbers, we can use the full Fourier
transform. Taking the Fourier Transform (with respect to the z-variable)

on both sides of the PDE
ou 9%u
F (815) =aF (az)

The Fourier series of the right hand side is just

oF @ = a(ip)*F(u) = —ap®F(u)
a:r2 - H - H
To simplify notation, denote by u(p,t) = Flu(x,t)]. We have
Ju(p,t) oo
o = —onTulmt)

This is an ODE in the variable ¢, which has the general solution
(1) = C (et
where C'(ut) depends on the initial conditions. When ¢ = 0, we get
u(xz,0) = C(p).

To figure out the value of C'(u), take the Fourier transform of the initial
condition
1, if 2| <2,

0, otherwise.

u(z,0) = f(z) —{
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We have thus shown that

(, 0) = \/zsmf“)

0

So that

(1,0) = C(p) = \/Z“ff“)

Plugging in the value of C'(u) yields

~ 2 sin(2p) _
A, t) = \/;SIHL/‘)G an’t

This is the Fourier Transform of the solution u(z,t).

To get the solution



u(z,t), we need to find the Inverse Fourier Transform of @(u,t).
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Therefore the solution is

1 [ sin(2
u(z,t) = ;/0 Sm(lumeo‘“ b cos(px) du

. Use a Fourier Transform to find the solution of the half range heat equa-
tion.

@ = a@ O<z<oo, t>0
ot 9z’ ’
u(:z:,O) = f(x)a
u(0,t) = 0.
where
flz)=e""
Solution:

Since the interval is 0 < x < oo, we use either a Fourier Sine Transform or
a Fourier Cosine Transform. In this case, the initial value u(0,t) = f(x)
is given, hence we use a Fourier Sine Transform.

If the initial flux g—;(o,t) was provided, we would have used the Fourier
Cosine Transform.

Denote by ugs(u,t) = Fg[f(x)] the Fourier Sine Transform. Taking the
Fourier Sine Transfoorm on both sides of the equation, we get

%us( t) = aFs (aa;u(x,t)>



The right hand side evaluates to

82 \/E 2~
aFs (Wu(xat)> - ;aﬂ U(O,t) —ap U’S('u”t)

Since u(0,t) = 0, it follows that

ok ~
aFs <8$2u(x,t)> = —aptug(p,t).

It follows that

5708 (1) = —ap’ts (i, 1).

This is an ODE with solution

2

Us(p,t) = Cu)e™ "
At t =0,
(1, 0) = C(p).

The value of C(u) is determined by taking the Fourier Sine Transform of
the initial condition,

Fs[f(x)] = Fsle™].

To determine this, note that

for
flx)=e""
Using that f(0) = e % =1 we get

This shows that

2 p
C(“)_\/;HMQ'

The Fourier Sine Transform of the solution is

~ 2 1% _ 2
uS<M7t>:”;1+M2e oap’t




To determine the solution, take the inverse Fourier Sine Transform

2 [ ]2
u(z,t) = 1/ ;/0 \/;1 fMQ eon’t sin(px) du
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u(x,t) = 7/0 #e*a“% sin(pz) du




